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It is shown that a graph G has all matchings of equal size if and only if for 
every matching set k in G, G \  V(A) does not contain a maximal open path of 
odd length greater than one, which is not contained in a cycle. (V(A) denotes 
the set of vertices incident with some edge of k.) Subsequently edge-coverings 
of graphs are discussed. A characterization is supplied for graphs all whose 
minimal covers have equal size. 

I. Introduction and definitions 

Le t  G = (V, E )  be a finite g raph .  A subse t  of  E is a matching set if no two  

e d g e s  of  the  set  a re  a d j a c e n t .  A ma tch ing  set  is a matching in G if it is max ima l  

in G with r e s p e c t  to inc lus ion .  In a finite g raph  d i f fe ren t  ma tch ings  m a y  have  

d i f fe ren t  ca rd ina l i t i e s .  In [I]  G r / i n b a u m  uses  _re(G) and  t ~ ( G )  to d e n o t e  the  

sma l l e s t  and  the g rea t e s t  ca rd ina l i t i e s  r e s p e c t i v e l y  of  ma tch ings  in G. In the  

a b o v e - m e n t i o n e d  p a p e r  G r f i n b a u m  d i s p l a y s  all c o n n e c t e d  g r aphs  G fo r  which  

r e ( G )  = t ~ ( G )  = 2 and at the  s ame  t ime ra i ses  the  p r o b l e m  of  c h a r a c t e r i z i n g  

those  g r a p h s  G for  which  _re(G) : t ~ ( G ) .  Le t  us call  such  g r aphs  matching- 

pe r f ec t ,  in b r ie f  MP.  

F o r  A C E, let V(A) d e n o t e  the  set of  ve r t i ce s  inc iden t  wi th  some  edge  of  k. If  

V(A)  = V, then  k is ca l led  an edge-cover or,  in shor t ,  a cover of  G. A 

minimum cover of G is a c o v e r  of  G hav ing  a m i n i m u m  n u m b e r  of  edges .  It 

then  fo l lows  d i r ec t ly  f rom a resul t  in [2] that  a graph G is M P  if and  on ly  if 

e v e r y  ma tch ing  of  G is c o n t a i n e d  in a m i n i m u m  c o v e r  of  G \ I ( G ) ,  w h e r e  I(G) 

is the  set  of  i so la ted  ve r t i c e s  of  G. 

W e  now sugges t  a d i f fe ren t  c h a r a c t e r i z a t i o n  of  M P  graphs .  W e  first i n t roduce  

s o m e  def in i t ions .  A max ima l  open  pa th  in G of  the  fo rm (ao, a , , - . . , a , )  such 
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that (ao, a,)  ~ E is called a snake in G. The length of the snake is the number of 

its edges. A snake is odd or even according to the parity of its length. If h is a 

matching set and G \ V(A) contains a snake s, then h is a blocking of s in G. If 

s is a snake in G, then h may be taken as Q. s itself is referred to as a blocked 

snake. ISl will denote the number of eleme0ts of the set S. 

2. Matching-perfect graphs 

THEOREM 1. A graph is matching-perfect if and only if it does not contain an 

odd blocked snake. 

PROOF. We show that a graph is not MP if and only if it contains an odd 

blocked snake. The proof uses the familiar technique of "alternating paths". 

Let s = (ao, a , -  • .,ak) be an odd blocked snake of G, with k a blocking of s in 

G. Put 

a = {(ao, a~t,(a2,a3~," . , (ak-,ak )} 

and 

/3 = {(a,,a2), (a3,a4),'-.,(ak-2,ak ,)}. 

We see that e~ U h is a matching set in G which may be completed by a set ix of 

edges to a matching A = a U A U/~ of G. But then, since neither a0 nor a~ are 

adjacent to any vertex in G \  V(a U A), it follows that B =/3 U A U p. is also a 

matching of G. But IA[ = [B[+ 1, so G is not MP. 

Conversely, let G be such that _rn (G) < rh (G), and let A and B be matchings 

of G with IAI> IBI. Let C denote the family of maximal alternating chains in 

G, with edges alternatingly in A and in B. If all elements of C were to contain 

an even number of edges, we would have IA[ =IB[. Hence there is an 

alternating path s = (a0, a , , . - . ,  ak ) of odd length k, that starts with an edge in A. 

If (ao, x) is an edge of G with x ~  V(a) ,  where a is defined as above, then 

(ao, x) ~ A U B since A is a matching and s is maximal, but x E V ( B )  since B 

is a matching; similarly for ak. Le t /3*  denote the edges o f /3  not in s ; then it is 

clear that s is an odd blocked snake in G, with B* a blocking of s in G. 

The characterization obtained above, although not descriptive, suggests a 

method to detect a non-matching-perfect graph, which in many cases proves 

quite efficient. 

3. Cover-perfect graphs 

Let G be a graph without isolated vertices. Let _M(G) and /~(G)  be the 

smallest and the greatest number of edges, respectively, in a minimal cover of 
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G. Let those graphs G for which M ( G )  = / Q ( G )  be called cover-perfect,  CP in 

short. We shall assume henceforth that G has no isolated vertices. A subset h 

of E is essential in G if G \ A  is without isolated vertices and r ~ ( G \ A ) <  

th(G). We then have the following characterization of CP graphs. 

THEOREM 2. A graph G is cover-perfect if and only if it has no essential set 

o f  edges, 

This theorem follows quite easily from [2, Th. 2(i)1. 

It is quite easy to see that an MP graph has no essential edge. It does not 

follow, however, that an MP graph is necessarily CP. For example the 

complete graph K, is MP for all n, but is CP only if n < 4. However,  when G is 

a tree, we have: 

THEOREM 3. If  a tree is matching-perfect,  then it is cooer-perfect. 

PROOF Let L(v)  denote the set of edges incident with the vertex v. We first 

prove a lemma. 

LEMMA. If  G is a tree and A a subset of  E such that for every vertex v of  G we 

have L(v) ,~A,  then there is a matching set ~ in G such that ~ (hA = Q  

a n d V ( e ) N  V ( ~ ) ~ ( ~  for every e E A .  Moreover there is an r 1 for which 

PROOF. Let x0 be an end vertex of G. For each (y,y ')  E A, if y '  disconnects G 

between x,, and y, we choose an x such that (x, y ) ~  h, and include (x, y) in Xl. 

Clearly -q thus constructed satisfies the requirements of the lemma. 

Now suppose the tree G is MP and not CP. Then by Theorem 2, G has an 

essential set. Denote it by ~.. h satisfies the conditions of the lemma and hence 

there is a matching set 7/ in G such that f3A = •  and V(e) f~  V ( ~ ) ~ ; D  for 

very e ~E A. Complete r/ to a matching r/,, in G. Since G is MP, we have 

Irlol = rfi(G) =< r~(G\A). Then A is not essential in G, contrary to our assump- 

tion. This proves the theorem. 

COROLLARY. Let G be a tree and A an essential set in G. Then IAI <~[EI. 
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